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Abstract
In this paper, by using semigroup approach, we concerned with the regularity of the age-dependent
population system with instantaneous time delay in the birth process. We prove that, under some
additional condition, the solution semigroup {T (t), t  0} of the population evolution equation is
eventually differentiable, i.e., there exists t0 > 0 such that T (t) is differentiable for t > t0.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Population growth models have been extensively studied by many authors. In particular,
it is a firmly established tenet in population dynamics that time delay in the birth process
plays a very important role in the qualitative behavior of the population. The studies of such
models include those of [2,7,10,11]. In this paper, we consider the following McKendrick
type model of age-dependent population dynamics with instantaneous time delay in the
birth process:
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∂t
+ ∂p(r, t)
∂r
= −µ(r)p(r, t), 0 < r < rm, t > 0,
p(r, θ) = p0(r, θ), 0 r  rm, −τ  θ  0,
p(0, t) = β
r2∫
r1
k(r)h(r)p(r, t − τ) dr, t > 0, (1.1)
where p(r, t) denotes the age density distribution at time t and age r, µ(r) is the relative
mortality of population, rm is the highest age ever attained by individuals of population,
k(r) is the female sex ratio at age r, h(r) is the fertility pattern, [r1, r2] is the fecundity
period of females, β is the specific fertility rate of females, τ is the delay due to pregnancy.
We further assume that k(r)h(r) is continuous on [0, rm] and k(r)h(r) > 0 for r ∈ [r1, r2],
µ(r) 0 is continuous on interval [0, rc] for any rc < rm.
Let
X :=
{
φ(r, θ) | φ(r, θ) ∈ C([0, rm] × [−τ,0]),
φ(0,0) = β
r2∫
r1
k(r)h(r)φ(r,−τ) dr
}
.
It is easy to prove that X becomes a Banach space with the supremum norm of C([0, rm]×
[−τ,0]). We can define a linear operator A in X by
Aφ(r, θ) :=


∂φ(r,θ)
∂θ
, θ ∈ [−τ,0), r ∈ [0, rm],
− ∂φ(r,0)
∂r
− µ(r)φ(r,0), θ = 0, r ∈ (0, rm],
β
∫ r2
r1
k(s)h(s)
∂φ(s,θ)
∂θ
∣∣
θ=−τ ds, θ = r = 0,
for φ(r, θ) ∈ D(A), where
D(A) :=
{
φ(r, θ) | φ ∈ X, ∂φ(r, θ)
∂θ
,
∂φ(r,0)
∂r
+ µ(r)φ(r,0), continuous and
∂φ(r, θ)
∂θ
∣∣∣∣
θ=0
= −∂φ(r,0)
∂r
− µ(r)φ(r,0),
∂φ(0, θ)
∂θ
∣∣∣∣
θ=0
= β
r2∫
r1
k(s)h(s)
∂φ(s, θ)
∂θ
∣∣∣∣
θ=−τ
ds
}
.
Thus Eq. (1.1) can be written as an abstract evolution equation in Banach space X:{
∂p(r,t+θ)
∂t
=Ap(r, t + θ), t > 0, 0 < r < rm,
p(r, θ) = p0(r, θ), 0 r  rm, −τ  θ  0. (1.2)
According to [4], we see that A is a generator of a C0-semigroup {T (t), t  0} in X. Thus
there exist M  1, ω 0 such that∥∥T (t)∥∥Meωt (1.3)
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(1.2) can be given by
p(r, t + θ) = T (t)p0(r, θ).
Many researchers have taken great interests in the applications of the theories of semi-
groups to population dynamics. Very nice examples can be found in [1,3–5,8,9]. In [4],
by using semigroup approach, the author studied the McKendrick type models of age-
dependent population dynamics with instantaneous time delay in the birth process. They
claim that the solution semigroup of (1.1) has not an analytic extension. In our paper we
will study the regularity of this population system (1.1). We show that, under the additional
assumption that k(r), h(r) are a.e. differentiable on (r1, r2) and k′(r), h′(r) ∈ L1(r1, r2),
the solution semigroup {T (t), t  0} is eventually differentiable, i.e., there exists t0 > 0
such that {T (t), t  0} is differentiable for t > t0.
2. Preliminaries and main result
In the following, we will show the eventual differentiability of the {T (t), t  0}. To
drive the main result, we need Theorem 2.4.7 in [6], which is stated in the following form.
Lemma 2.1. Let T (t) be a C0-semigroup and A be its infinitesimal generator. If ‖T (t)‖
Meωt , then the following assertion are equivalent:
(i) There exists t0 > 0 such that T (t) is differentiable for t > t0.
(ii) There exist constants a > 0, b > 0 and C > 0 such that
Σ := {λ ∈ C | | Imλ| ae−bReλ}⊂ ρ(A)
and ∥∥R(λ,A)∥∥C| Imλ|
for all λ ∈ Σ with Reλ ω.
Let us consider the following functions:
F(λ) := 1 − β
r2∫
r1
k(r)h(r)e−λ(r+τ)−
∫ r
0 µ(ρ)dρ dr, (2.1)
Gφ(λ) := e−λτ β
r2∫
r1
k(r)h(r)
[ r∫
0
e−λ(r−s)−
∫ r
s µ(ρ)dρφ(s,0) ds
+
0∫
−τ
e−λsφ(r, s) ds
]
dr, φ ∈ X. (2.2)
By [4], the following result holds.
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(1) λ ∈ ρ(A) if and only if F(λ) = 0. Moreover, for λ ∈ ρ(A),
[
R(λ −A)φ](r, θ) = Gφ(λ)
F (λ)
e−λ(r−θ)−
∫ r
0 µ(ρ)dρ
+
r∫
0
e−λ(r−θ−s)−
∫ r
s µ(ρ)dρφ(s,0) ds
−
θ∫
0
e−λ(θ−s)φ(r, s) ds, for φ ∈ X. (2.3)
(2) σ(A) = σp(A).
(3) There is only a finite number of eigenvalues of A in any finite strip parallel the imagi-
nary axis.
In the following, we will study the further spectral properties of A.
Lemma 2.3. Suppose that k(r), h(r) are a.e. differentiable on (r1, r2) and k′(r), h′(r) ∈
L1(r1, r2). Then there exists M1 > 0 such that
σ(A) ⊂ Σ1 :=
{
λ ∈ C | | Imλ| < M1e−(Reλ)(r2+τ)
}
. (2.4)
Proof. Suppose that λ ∈ σ(A) and Reλ < 0. Let
V (r) = βk(r)h(r)e−
∫ r
0 µ(ρ)dρ. (2.5)
From the assumptions, we see that V (r) is a.e. differentiable on (r1, r2) and V ′(r) ∈
L1(r1, r2). Thus
1 =
r2∫
r1
e−λ(r+τ)V (r) dr
= −1
λ
{
e−λ(r2+τ)V (r2) − e−λ(r1+τ)V (r1) −
r2∫
r1
e−λ(r+τ)V ′(r) dr
}
,
i.e.,
−λeλ(r2+τ) = V (r2) − e−λ(r1−r2)V (r1) −
r2∫
r1
e−λ(r−r2)V ′(r) dr.
Hence
|λ|e(Reλ)(r2+τ)  V (r2) +
r2∫ ∣∣V ′(r)∣∣dr + e−(Reλ)(r1−r2)V (r1).r1
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lim sup
Reλ→−∞
|λ|e(Reλ)(r2+τ)  V (r2) +
r2∫
r1
∣∣V ′(r)∣∣dr,
which implies that there exists M0 > 0 such that
| Imλ| |λ| <
(
V (r2) +
r2∫
r1
∣∣V ′(r)∣∣dr + 1
)
e−(Reλ)(r2+τ) (2.6)
when λ ∈ σ(A) and Reλ < −M0. Since there is a finite number of eigenvalues of A in the
strip {λ ∈ C | −M0  Reλ  ω}, where ω is as same as the one in (1.3), we can find an
M1  (V (r2) +
∫ r2
r1
|V ′(r)|dr + 1) such that
| Imλ| < M1e−(Reλ)(r2+τ) (2.7)
when λ ∈ σ(A) and −M0  Reλ  ω. Combining (2.6) and (2.7), we see that (2.4)
holds. 
Lemma 2.4. Let a, b ∈ R, a  b, and
Σba :=
{
λ ∈ C | a  Reλ b, | Imλ|M1e−(Reλ)(r2+τ)
}
,
where M1 is as same as the one in (2.4). Then R(λ,A) is bounded in Σba .
Proof. By (2.4), we see easily that Σba ∩σ(A) = ∅. Let λ = σ + iη ∈ Σba . In the following
we will first show that F(σ + iη) converges to 1 uniformly with respect to σ ∈ [a, b] as
|η| → ∞. If this is not true, we can find a sequence {λn} ⊂ Σba , |λn| → ∞ (n → ∞)
such that F(λn) does not converge to 1 as n → ∞. Suppose λn = σn + iηn. There exist a
subsequence of {λn}, which is also denoted by {λn}, and r0 ∈ [a, b] such that
σn → r0, |ηn| → ∞ as n → ∞.
Hence by (2.1),
F(σn + iηn) = 1 − e−(σn+iηn)τ
r2∫
r1
e−(σn+iηn)rV (r) dr
= 1 + e−(σn+iηn)τ
r2∫
r1
(e−r0r − e−σnr )e−iηnrV (r) dr
− e−(σn+iηn)τ
r2∫
r1
e−r0re−iηnrV (r) dr
which V (r) is defined by (2.5). Noting that e−(σn+iηn)τ is bounded in Σba and (e−r0r −
e−σnr ) converges to 0 uniformly with respect to r ∈ [r1, r2] as n → ∞, we see that the sec-
ond term converges to 0. By the Riemann–Lebesgue lemma, the third term also converge
to 0 as n → ∞. Thus we get a contradiction.
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exists N > maxaσb{M1e−σ(r2+τ)} such that |F(σ + iη)| > 1/2 for any σ ∈ [a, b] when
|η| > N, i.e., |F(λ)| > 1/2 for λ ∈ {λ ∈ C | a  Reλ  b, | Imλ| > N}. Since F(λ) is
analytic and F(λ) = 0 in S := {λ ∈ C | a  Reλ  b, N  | Imλ| M1e−(Reλ)(r2+τ)},
there exists a C > 2, such that |F(λ)| > 1/C, for λ ∈ S. Thus we obtain that∣∣F(λ)∣∣> 1
C
, for any λ ∈ Σba . (2.8)
In the following we will show that R(λ,A) is bounded in Σba . Let λ ∈ Σba . By (2.3),
straightforward calculations show that
∥∥R(λ −A)φ∥∥ max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣Gφ(λ)F (λ) e−λ(r−θ)−
∫ r
0 µ(ρ)dρ
∣∣∣∣
+ max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣∣
r∫
0
e−λ(r−θ−s)−
∫ r
s µ(ρ)dρφ(s,0) ds
∣∣∣∣∣
+ max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣∣
θ∫
0
e−λ(θ−s)φ(r, s) ds
∣∣∣∣∣, (2.9)
where ‖ · ‖ = ‖ · ‖C([0,rm]×[−τ,0]). It follows from (2.2) and (2.8) that
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣Gφ(λ)F (λ) e−λ(r−θ)−
∫ r
0 µ(ρ)dρ
∣∣∣∣
C
∣∣Gφ(λ)∣∣ max
(r,θ)∈[0,rm]×[−τ,0]
|e−λ(r−θ)|
Ce−(Reλ)τ β
r2∫
r1
k(r)h(r)
[ r∫
0
e−(Reλ)(r−s) ds +
0∫
−τ
e−(Reλ)s ds
]
dr
× max
(r,θ)∈[0,rm]×[−τ,0]
|e−λ(r−θ)|‖φ‖
Ce−(Reλ)τ β
r2∫
r1
k(r)h(r) dr
r2∫
−τ
e−(Reλ)s ds max
(r,θ)∈[0,rm]×[−τ,0]
|e−λ(r−θ)|‖φ‖.
Noting that a  Reλ b, we obtain that there exists a C1 > 0 such that
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣Gφ(λ)F (λ) e−λ(r−θ)−
∫ r
0 µ(ρ)dρ
∣∣∣∣C1‖φ‖,
for λ ∈ Σba , where C1 is independent of λ. Similarly, it is easy to prove that there exist
C2,C3 > 0, which are independent of λ, such that for any λ ∈ Σba ,
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣∣
r∫
e−λ(r−θ−s)−
∫ r
s µ(ρ)dρφ(s,0) ds
∣∣∣∣∣ C2‖φ‖,
0
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∣∣∣∣∣
θ∫
0
e−λ(θ−s)φ(r, s) ds
∣∣∣∣∣C3‖φ‖.
Thus by (2.9), we have that∥∥R(λ,A)∥∥C1 + C2 + C3, for λ ∈ Σba ,
which shows that R(λ,A) is bounded in Σba . 
Now, we give the main result of this paper.
Theorem 2.5. Suppose that k(r), h(r) are a.e. differentiable on (r1, r2) and k′(r), h′(r) ∈
L1(r1, r2). Then there exists a t0 > 0 such that the C0-semigroup {T (t), t  0} is differ-
entiable for t > t0.
3. Proof of main result
Proof of Theorem 2.5. Let
Σ2 :=
{
λ ∈ C | Reλ ω, | Imλ|M2e−(Reλ)(r2+rm+2τ)
}
,
where M2 > M1eω(rm+τ). Thus by (2.4), we have Σ2 ⊂ ρ(A). In the following we will
show that there exists K > 0 such that∥∥R(λ,A)∥∥K| Imλ|, for λ ∈ Σ2.
Let λ = σ + iη and σ < 0. Thus
F(σ + iη) = 1 −
r2∫
r1
e−iη(r+τ)e−σ(r+τ)V (r) dr,
where V (r) is defined by (2.5). When |η| > 0, we have∣∣∣∣∣
r2∫
r1
e−iη(r+τ)e−σ(r+τ)V (r) dr
∣∣∣∣∣
=
∣∣∣∣∣−1iη
{
e−(σ+iη)(r2+τ)V (r2) − e−(σ+iη)(r1+τ)V (r1)
−
r2∫
r1
e−(σ+iη)(r+τ)
(
V ′(r) − σV (r))dr
}∣∣∣∣∣
 1|η|e
−σ(r2+τ)
{
V (r2) + V (r1) +
r2∫
r1
∣∣V ′(r) − σV (r)∣∣dr
}
.
If |η|M2e−σ(rm+τ), noting r2 < rm, we obtain that
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r2∫
r1
e−iη(r+τ)e−σ(r+τ)V (r) dr
∣∣∣∣∣
 1
M2
e−σ(r2−rm)
{
V (r2) + V (r1) +
r2∫
r1
∣∣V ′(r) − σV (r)∣∣dr
}
→ 0
as σ → −∞. Thus there exists M3 > 0 such that when Reλ < −M3,∣∣∣∣∣β
r2∫
r1
k(r)h(r)e−λ(r+τ)−
∫ r
0 µ(ρ)dρ dr
∣∣∣∣∣ 12 .
It follows that when Reλ < −M3 and | Imλ|M2e−(Reλ)(rm+τ), we have∣∣F(λ)∣∣ 1
2
. (3.1)
Define
Σ3 :=
{
λ ∈ C | Reλ < −M3, | Imλ|M2e−(Reλ)(r2+rm+2τ)
}
.
Obviously, (3.1) also holds for λ ∈ Σ3. Let λ ∈ Σ3. By (3.1), we can obtain
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣Gφ(λ)F (λ) e−λ(r−θ)−
∫ r
0 µ(ρ)dρ
∣∣∣∣
 2e−(Reλ)τ β
r2∫
r1
k(s)h(s) ds
r2∫
−τ
e−(Reλ)s ds max
(r,θ)∈[0,rm]×[−τ,0]
|e−λ(r−θ)|‖φ‖
 2(r2 + τ)β
r2∫
r1
k(s)h(s) ds e−(Reλ)(r2+rm+2τ)‖φ‖.
Similarly, we have that
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣∣
r∫
0
e−λ(r−θ−s)−
∫ r
s µ(ρ)dρφ(s,0) ds
∣∣∣∣∣ rme−(Reλ)(rm+τ)‖φ‖,
max
(r,θ)∈[0,rm]×[−τ,0]
∣∣∣∣∣
θ∫
0
e−λ(θ−s)φ(r, s) ds
∣∣∣∣∣ τe−(Reλ)τ‖φ‖.
Thus by (2.3), we can find K1 > 0 such that∥∥R(λ −A)∥∥K1e−(Reλ)(r2+rm+2τ), for λ ∈ Σ3. (3.2)
Let
Σ4 :=
{
λ ∈ C | −M3  Reλ ω, | Imλ|M2e−(Reλ)(r2+rm+2τ)
}
.
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Thus by Lemma 2.4, there exists some K2 > 0 such that∥∥R(λ −A)∥∥K2, for λ ∈ Σ4. (3.3)
Therefore, combining (3.2) and (3.3), we can find a K3 > 0 such that∥∥R(λ −A)∥∥K3e−(Reλ)(r2+rm+2τ), for λ ∈ Σ2.
By the definition of Σ2, we have∥∥R(λ −A)∥∥K3e−(Reλ)(r2+rm+2τ)  K3
M2
M2e
−(Reλ)(r2+rm+2τ) K| Imλ|,
for λ ∈ Σ2, where K = K3/M2. Thus applying Lemma 2.1, we obtain that there exists
t0 > 0 such that the C0-semigroup {T (t), t  0} is differentiable for t  t0. 
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